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Chapter 4 Auxiliary Functions 
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      * S, V are not a convenient independent variables. 
      * T, P are the most convenient independent variables for experimental 

operation. 
      * T, V are the most convenient independent variables for theoretical 

investigation. 
        ∵ For a closed system, fixed volume. 
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      * Some thermodynamic functions are not amenable to experimental 
measurement, however, they are related to some other measurable quantity. 

,      T,   e.g.                
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      *  Defined functions: 
                                       H ≣ U + PV 

A ≣ U – TS 
(Enthalpy) 

 (Helmholtz Free Energy) 
 G ≣ H – TS (Gibbs Free Energy) 
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(Spontaneous) 

EX:EX: Constant T, V sublimation of solid 
 

Total: n atoms 
Two extreme states: 1. Solid phase only. 
                 2. Vapor phase only. 
 
When Solid → Vapor, U↑, S↑. 
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* If the reservoir is adiabatic, the combined system is one of constant U, V  
  △SU,V>0 
 
When P<Peq., spontaneous evaporation occurs. 
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i.e. minimization of A, at constant T, V, is the criterion for equilibrium. 
 
4. Gibbs Free Energy 

 
∵G ≣ H－TS 
∴(G2－G1)＝(H2－H1)－(T2S2－T1S1) 
        ＝(U2－U1)+(P2V2－P1V1)－(T2S2－T1S1) 
At constant T, P, i.e. T2＝T1＝T,   P2＝P1＝P 
∴(G2-G1)＝(U2-U1)+P(V2-V1)－T(S2-S1) 
1st law: (U2-U1)＝Q－W 
∴(G2－G1)＝Q－W+P(V2－V1)－T(S2－S1) 
Total work (K) = mechanical + chemical  
                         electrical 
∴W＝P(V2－V1)+W’ 
  (G2－G1)＝Q－W’－T(S2－S1) 
 
Because Q≦T(S2－S1)            【Q－T(S2－S1)】≦0 
∴(G2－G1)≦-W’ 
i.e. (G2－G1)+T△Sirr＝-W’ 
∴ at constant T, P, and no chemical work done, W’＝0   
(fix composition => non-reacting) <=> (G2－G1)+T△Sirr＝0 
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For infinitesimal change, dG+TdSirr＝0 
              ∴dGT,P≦0 

Criterion for equilibrium: 
At const. T, P, dGT,P≦0 

           GT,P = Gmin 
 

5. dU = TdS-PdV 
H ≣ U+PV          ∴dH = dU+PdV+VdP 
                         = (TdS-PdV)+PdV+VdP 
                         = TdS+VdP 
A ≣ U-TS           ∴dA = dU-TdS-SdT 
                         = (TdS-PdV)-TdS-SdT 
                         = -PdV-SdT 
G ≣ H-TS           ∴dG = dH-TdS-SdT 
                         = (TdS+VdP)-TdS-SdT 
                         = VdP-SdT 
 
∴ 
                         ……………..◎ 

dU = TdS-PdV 
dH = TdS+VdP 
dA = -PdV-SdT 
dG = VdP-SdT

 
 
 
 
6.   Variation of composition and size of system. 

* For a closed system of fixed composition and size, only two independent 
ariables are required.  v

* For multi-component closed system, compositions are variable. 
e.g. CO+H2O = CO2+H2 

 
When G = Gmin at constant T, P, an unique composition exists 

. ) ,, ,( HCOOHCO nnnn
222

G = G(T, P, ni, nj, nk, …………) 
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potential Chemical-------------     :Define   
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Similarly, 
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* Summary of criteria for equilibrium 
 2nd law: SU,V = Smax          ∴dSU,V≧0 
        dUS,V≦0               US,V = Umin 
        dHS,P≦0               HS,P = Hmin 
        dAT,V≦0               AT,V = Amin 
        dGT,P≦0               GT,P = Gmin 
* When multiple phases coexist: 
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7.   Coefficient Relations 
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8.   Maxwell Relations 
     If Z = Z(x,y) 

yx

yxy

xyx

xy

x
M

y
L

yx
Z

y
Z

xx
M

yx
Z

x
Z

yy
L

dyMdxLdy
y
Zdx

x
ZdZ

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∴

∂⋅∂
∂

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

∂⋅∂
∂

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⋅+⋅=⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⋅⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=

2

2

   

Q

 

 
 
 
 
From ◎                              Maxwell 
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9. Reciprocal and ratio relation 

* Reciprocal: 
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* From (2)     
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10.  Derived equations  
①   S = S(T,V) 
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or                                              1st TdS Eq. 
 
 
② One mole ideal gas:                 U = U(T)!! 
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* EX: Al＝26.98 g/mole, T＝20℃＝298K 
      Cp＝24.36 J/mole.K        ρ＝2.70 g/cm3 
      α＝7.05×10-5 K-1;    β＝1.20×10-6 atm-1 
      Cv＝? 
 Sol: V＝M/ρ＝26.98/2.70＝10 cm3/mole＝0.01 l/mole 
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